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Let T be a tree on n vertices which are labelled by the integers in N = { 1,2, . . . , ?I} such that 
each vertex of T is associated with a distinct number in N. The weight of an edge is defined to 
be the absolute value of the difference between the two numbers labelled at its end vertices. If 
the weights of all edges of T are drstinct, we call 7’ a graceful tree. In this note, two methods for 
constructing bigger graceful trees from a given one and a given pair of graceful trees are 
provided. 
Let T(n) (na3> be a tree on n vertices. By a valuution on T(n), we mean a 
bijection 8 from the vertex-set of T(n) onto the set N = { 1,2,3, . . . , n}. For each 
edge uu in T(n), the weight of UU, denoted by I, is defined as the value 
l0( u) - e(u)l. The system (T(n), 0) is said to be graceful if the weights of all edges 
of T(n) are distinct. A tree T is called a graceful tree if there exists a valuation 8 
on T such that the system (T, 0) is graceful. In this case, we call 8 a graceful 
valuation on T. 
While the term “graceful” was firstly given by Golomb [2] in 1971, Ringel 
conjectured early in 1963 that every tree is graceful. Since this conjecture has 
remained unsettled for more than a decade, Cahit [ 1] thus asked more specifically 
whether every complete binary tree is graceful. Koh et al. [3] have recently proved 
a resuit arhich implies in particular that every complete m-ary tree is graceful. A 
very special case of this result answers Cahit’s question in the affirmative. 
To state Koh et al.‘s result, we first recall their method of constructing a bigger 
tree from a graceful tree. Let (T(n), 0) be a graceful system and w the unique 
element in T(n) with e(w) = n. For each integer p 2 1, let T,(n), T,(n), . . . , T,(n) 
be p disjoint isomorphic copies of T(n) and for each i = I, 2,. . . , p, let Wi be the 
isomorphic image of w in Ti(n). Adjoin to the graph 
UUAn) I i = L2,. . . 9 p) 
a new vertex w. accompanied with p edges wow1, wow2, . . . . wow,. We hereby 
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obtain a new tree, denoted by T:(n), as shown in Fig. 1. For each vertex 21 in 
T(n), let d( w, U) be the length of the shortest path joining w and v in T(n) (thus, 
in particular, d( w, w) = 0). We are now in a position to state the following result: 
Fig. 1. 
Theorem 1 (see [3]). Let (T(n), 0) be a graceful system with O(w) = n where 
w E T(n). For each integer p3 1, define a valuation 6* on TP,(n) by putting 
(i) P( w,) = pn + 1 
(ii) for each v in Ti (n) s T(n), i = 1,2, . . . , p, 
e”(v) = 
in+l-8(v) if d (w, v) is even in T(n) 
(p + 1- i)n + l-e(v) if d(w, v) is odd in T(n). 
Then the system (FW(n), 0”) is graceful. 
CoroUary. Every complete m-ary tree is graceful where m is any positive integer. 
In this note we shall establish two results on graceful trees. While the tist result 
provides us a new method (which turns out to be a generalization of the method 
described in Theorem 1) to construct a bigger graceful tree from a given one, the 
second one furnishes another method to construct also a bigger graceful tree but 
from a given pair of graceful trees. 
Let (T(n), 0) be a graceful system and w a vertex in T(n) with e(w) = n. For 
each integer p 3 1, let T,(n), T*(n), . . . , Tp (n) be p disjoint isomorphic opies of 
T(n) and for each i = 1,2, . . . , p, let Wi be the isomorphic image of w in Ti(n). 
De,. OLC Uy 1 G(n)* the tree obtained by identifying wl = w2 = l l l = wp = w on the 
set U (‘Z:(n) 1 i = 1,2, . . . , p) (see Fig. 2). 
Fig. 2. 
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Does there always exist a graceful valuation on T:(n)* which can be defined in 
terms of 0? We do not know the answer for the general case. However, we do 
have an answer if (T(n), 6) satisfies a special condition. 
Theorem 2. Let (T(n), 0) be a graceful system and w a vertex in T(n) with 
O(w) = n. Let Adj (w) be the set of vertices in T(n) adjacent o w. If {e(v)- 11 v E 
Adj b4) C_ (01 U { n - e(v) 1 v E Adj (w)}, then there exists a valuation 8* on TP,(n)* 
such that the system (T:(n)*, e*) is graceful. 
Proof. Define a valuation 8” on T:(n)* as follows: 
(i) e*(w) = p(n - 1) + 1 and 
(ii) for each z in T,(n)-(w), i = 1,2,. . . , p, 
e*(v) (i-l)(n-1)+8(v) if d(w,v) is odd, 
= (p-i)(n-1)+0(v) if d(w,v) k:: even. 
Note that IT”,(n)*(=p(n-l)+l and e*(v)E{1,2,. . .,p(n-l)+l} for each ver- 
tex v in T”,(n)*. Thus, to show that 8” is a valuation, it suffices to show that 8* is 
one : one. Let u, v be two distinct vertices in T:(n)” -{w}. Assume u E Ti (n), 
v E Tj(n) and e*(u) = e*(v). 
Case 1: Both d( w, u) and d (w, v) are either even or odd (say the latter). 
In this case, we have (i-l)(n-l)+@(u)=@l)(n-l)+@(v). Since 
((i-j)(n-l)~=le(u)--e(u)lSn -2, it follows that i = j and hence O(u) = e(u), a 
contradiction. Thus, e*(u) # e*(v). 
Case 2: One and only one of {d(w, u), d(w, v)} is even. 
Assume d(w, u) is even and d(w,v) is odd. Then (p-i)(n-1)+8(u)= 
(i - 1)(11 - )+8(v). Since ((p+ 1)-(i +j)l(n - 1) = le(uj-e(vjlan-2, it follows 
that (p+l)-(i+j)=O and hence e(u)-@(v) which is again impossible. Thus, we 
have O*(u) # O*(v), which shows that 0* is a valuation on TL(n)*. 
To prove that 8* is graceful, it remains to show that the weights of all edges in 
Tt( n)* are distinct. Let v E Adj (w) E T(n) and vi the isomorphic image of v in 
Ti(n). Observe that ~*(w~i)=p(n-l)+l-[(i-l)(n-l)+O(v)]=(p-i+l)~ 
(n-1)+1-8(v), for each i=l,2,...,p. Thus, if we set I=(i(n-l)+l- 
e(v) I i=l,2,..., p, v E Adj (w)}, then I consists of all weights of the edges 
in T;(n)* incident with w. It is quite clear that all p IAdj (vJ)~ weights in I are 
distinct. 
For each edge uv in T(n) (u, v E T(n)-(w)), it can be shown that (i) {O*(~+vi), 
e*(u p+l-_iVp+l-_i)) 4(p - 2i + l)(n - 1) + e(v) - e(u), (,-2i+l)(n-l)+e(u)- 
e(v)}for each i=l, 2,. . ., 2p w ere x 1s [I ] h [ ] ’ the greatest integer less than or equal 
to x and (ii) tI*(u ~p+1~,2~~p+1~,2) = 8(w) if p is odd. Thus, if we set J= 
((p-2i+l)(n-1)*8(uv)Ii=l, 2,...,[$], uv an edge in T(n)-(w)) (the set 
{O(uv) I uv an edge in T(n j -{w}) is added to J when p is oddj, then J consists of 
all weights of the edges in T:(n)* not incident with w. 
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mm 1: mJ=f3. 
Suppose that (1) (p - 2i + l)(n - 1) + 6(uu) = i(n - 1) + 1 - 0(x) for some vertex 
x E Adj (w) and some edge uv not incident with w ; we have (p - 2i - j + 1) X 
(n-l)=l-6(x)--I and so (n-l)(p-Z-j+2(=((n-8(x))-8(uv)l~n-2 
as lsn--e(x)sn--1 and la@(uv)<n-2. But then this implies p-2i-j+2=0 
which forces that n-O(x) = B(uv), contradicting the assumption that (7’(n), 0) is 
graceful (note that the above argument can be applied to the equality 0( uv) = 
j(n - l)+ 1 - 0(x) which arises when p is odd). 
If (2) (p-2i+l)(n-l)-@(uv)=j(n-1)+1-B(x) for some vertex x~Adj (w) 
and some edge uv not incident with w, then (p - 2i +2 -i)(n - 1) = 
(n-C(x))+0(uv). Since lsn-8(x)sn-1 and Ir8(uv)sn-2, we have 2~ 
(ft-e(x))+e(uV)c2( n - 1) and therefore (n -0(x))+ e(uv) = n - 1, i.e., e(m) = 
@(x)-l. AS (e(x)-l)E(O}U{n-0(v)/vEAdj(kv)}, either B(Lcv)-=O or e(uv)= 
n - 8(y) for some y E Adj (w). Since (T(n), 0) is a graceful system, neither 
e( uv) = 0 nor 8(uv) = n - 8(y) can happen. We therefore conclude that In J = 9. 
Ckzim 2: The weights in J are pairwise distinct. 
%ppose that (1) (p-2i+l)(n-l)+B(uv)=(p-2j+l)(n-1)+8(xy) for some 
i,j=l,2 ,..., [$p] with i “j and some distinct edges uv and .“cy not incident with 
w; thenwe have2(n-lj(j-i)=\0(xy)-8(uv)l~n-2whichimplies that i=j and 
0(xy) = 0( uv), a contradiction. 
If (2) (p-2i+l)(n-l)+e(uu)=(p-2j+l)(n-l)-e(xy) for some iJ= 
192,. . . , [ip] and some distinct edges xy and uv not incident with W, then 
2(n-l)Ij-il=(8(xy)+8(uv)(. Since 2+(xy)+e(u+2(n-2), we have 
2(n - 1)l i- iI = n - 1, i.e., Ii - i\ =$, which is also impossible. If (3) e(uv) = 
(p - 2j + l)(n - 1) - e(xy), then i = $(p + l), contradicting the fact that i <[ipI. 
We thus conclude that the weights of all edges in T”,(n)* defined by 8* are 
pairwise distinct. The proof is therefore complete. 
Rewk. (1) The method of constructing a graceful tree as described in Theorem 
1 is a special case of that given in Theorem 2. Indeed, given a graceful system 
(T(n), 0) with O(w) = n, we adjoin to T(n) a new vertex w* together with an edge 
ww *. The enlarged tree T( n + 1) can easily be shown to be graceful by defining 
he 3orlowing valuation: 
’ S’(w*) = n + 1 
I fY(v)=(n+ l)- e(v) for each v in T(n). 
In the new graceful system (T(n + l), e’), it is clear that Adj (w*) ={w} and 
{e’(w)-l)={O)c{O}u{(n+1)-e”(w)). Now, it is not difficult to see that the 
system (T$(n + l)*, 0”) constructed from (T(n + l), 0’) by applying tl:lle method 
described in Theorem 2 is identical with the system (TP,(n), e”) constructed from 
(T(n), c3) by using the method described in Theorem 1. 
(2) In the graceful system (T:(n)*, 0*), we have 0*(w) = p(n - 1) + 1 and 
(e*h i u~Adj(w) in TE(n)*}={(i-l)(n-l)+@(v)IvEAdj(w) in T(n)}. It is 
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Fig. 3. 
straightforward to show that {e*(u) - 11 u E Adj (w) in TL( n)*) z (0) U 
{p(n - l)+ l-e*(u) 1 u E Adj (w) in T”,(n)*}. Thus, the new system (T:(n)*, e”) 
we obtained satisfies also the conditions stated in Theolaem 2. 
Example 1. Fig. 4 shows a graceful kc;: T:(7)* which is constructed from the 
smaller graceful tree T(7) of Fig. ? by usk 1 +e valuation 8* described in the 
proof of Theorem 2. Note that the tree T(7) af big. 3 satisfies the conditions 
stated in Theorem 2. 
Theorem 2 provides us a. method to construct a bigger graceful tree from a 
given graceful system. More interesting, our next result w;Y introduce a method to 
construct a bigger graceful tree from two given graceful sys-.ems 
Let (T(m), 0’) and (T(n), 0”) be two given graceful systems where Y’(m) = 
{ WI, w29 . . . , w,}. Let v be an arbitrary fixe C vertex in T(n). Based upon the tree 
T(m), we adjoin an isomorphic copy Ti(n) of T(n) to each vertex ~7: (i = 
192 9**.9 m) in such a manner that a)* and Wi are identified. All the m copies of 
T(n) just introriuced are pairwise disjoint and no extra edges are added (see 
Figs. 5-7). Such a new tree obtained will be denoted by T( m)AT(n). It is obvious 
that IT(m)AT(n)(,= mn and T(m)AT(n)$ T(n)AT(mj in general. 
25 
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Thmrem 3. Let (T(m), 6’) and (T(n), e”) be two graceful systems. Then there 
exists a valuation 8 on T( m)AT(n) such that the system (T(m)AT( n), 0) is 
graceful. 
Proof. Define a mapping 8 : T( m)AT( n) + (1,2, ,, . . , mn] as follows: for each v 
in T(n), i = 1,2,. . . , m, 
6(v) = 
(O’(Wi)- 1)n + e*(v) if d(v*, v) is even, 
(m -O’(wi))n + e”(v) if d(v*, V) is odd. 
Since 1 s O’(w,) s m and 1 G O*(v) G n, it is clear from the above definition that 
eb)E(i, 2,. . . , mn}. We now prove that 8 is one : one. Let u E Ti(n) and v E 
T‘(n), uf v and O(u) = e(v). If d(v*, u) is even and d(v*, V) is odd, then 
(e%+ 1)n + e*(u) = (m - W(w,))n + e*(u), 
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which implies that 
n - 12 le*(u)- e*(u)1 = yt I[m+1-(0’(Wi)+0’(Wj))]l20. 
Thus 0*(u) = e*(u), which is a contradiction. If both d(v*, u) and d(u*, U) are 
either even or odd, we will again obtain a contradiction by applying a similar 
argument. This shows that 8 is one: one and hence is a valuation. 
We next show that the weights of all edges in T(m)AT(n) are distinct. First 
of all, we note that @(wi wj) = &‘(WiWj) if WiWj is an edge in T(m). Indeed, 
O(WiWj) = le(Wi) - O(Wj)( = I(e’(Wi) - l)n + e*(v”) - (e’(Wj) - l)n -e*(v*)l = 
tz le’(w,)- e’(wj)( = ne’(wiwj). Next, let uv be an edge in T(m)AT(n) other than 
Wiwj’S. Then uv is an edge in T,(n) for some i = 1,2, . . . , m. Assume without 
loss of generality that d(v*, u) is even and d(v*, v) is odd. Observe that 
ew = ((O’(Wi) - + e*(u)- (n-2 - 8'(Wi))n - t?*(v)1 
l(20”(Wi) - - 1)n (e*(u) - 
which is not a of n. our proof be complete we are 
to prove 8(uv) # for any of distinct uv and U’V’ in 
T(m)AT(n) other than WiWj Let be an in T,(n) d(v”, u’) even 
and v’) is Then 
e(dd) l(28’(Wj) - m - 1)n + (e*(d) - e*(d))l. 
Assume tl(uv) = O(u’v’) and for simplicity let a =(2O’(w,)- m - l)n, b = 
O*(u) - t?*(v), c = (20’( wj) - m - l)n, and d = e*( u’) - e*(v’). 
Case 1: a+b*O and c-k&O (resp., ca+b<O and c+d<O). 
In this case we have a + b = c + d. Thus, 
(2n) ld3’(Wi)-O’(Wj)l = Id-bls2(n - 1) 
which forces that e’(wi) - e’(wj) = 0 and hence e*(u’v’) = 8*(uv), a contradiction. 
Case 2: a+b>O and c+d<O (resp., a+b<O and c+dsO). 
In this case, we have (28’(wi)-m-l)n+b=(m+l-20’(wj))n-d, i.e., 
(2n)(8’(Wi)+f3’(wj)-(m+l))=-(b+d). 
From the fact that (2n) ltl’(wi) + O’(wj) - (m + l)l = lb + dl s 2(n - l), it follows 
that b = -d or e*(u)- e*(v) = @*(v’)- e*(u’). Thus, u = v’, which, however, con- 
tradicts the assumption that d(v*, u) is even and d(v*, v’) is odd. This shows that 
8(uv) # @(u’v’) and the proof is therefore complete. 
To end this note we give an example to illustrate the method described in 
Theorem 3. 
Example 2. Let (T(5), 0’) and (T(6), 0*) be two graceful systems as shown in Figs. 
5 and 6 respectively. The graceful system (T(S)AT(6), 0) obtained according to 
Theorem 3 is shown in Fig. 7. 
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